In this paper we study the spatial structure of the time periodic solutions to the Ginzburg-Landau equation in various configurations (supercritical and subcritical). We show that spatially periodic bursting solutions or spatially heteroclinic solutions can occur depending upon the values of the coefficients. As a consequence of this study, we obtain an exact solution to the nonlinear system of Kapitula and Maier-Paape [16] . We then show that near a spatially heteroclinic solution there is an extremely intricate complex of spatially unstable solutions and KAM surfaces.
Abstract.
In this paper we study the spatial structure of the time periodic solutions to the Ginzburg-Landau equation in various configurations (supercritical and subcritical). We show that spatially periodic bursting solutions or spatially heteroclinic solutions can occur depending upon the values of the coefficients. As a consequence of this study, we obtain an exact solution to the nonlinear system of Kapitula and Maier-Paape [16] . We then show that near a spatially heteroclinic solution there is an extremely intricate complex of spatially unstable solutions and KAM surfaces.
Introduction.
In its most general form the (cubic) Ginzburg-Landau equation
reads (see, e.g., [15] , [26] , [16] The bifurcation is supercritical if R Ra ^3 0 and subcritical if R Rci h < 0 [11] , [18] , [26] . This property plays an important role in the problem we are considering.
Ginzburg-Landau equations have been studied from a variety of points of view. Hocking and Stewartson [14] , Sirovich and Newton [24] , [21] , Holmes [15] , and Takac [25] have studied the temporal evolution of (1.1) in various cases of the parameters (see also [6] , [16] , [10] , [27] ). Front solutions have been discussed, for the case of real coefficients, by Eckmann and Gallay [12] and Bricmont and Kupiainen [3] . Transitions to chaos have been studied by Keefe [17] and others [20] , [6] , [23] . In this paper we study time periodic solutions of the Ginzburg-Landau equation of the form *{x,t) = A{x)ei"t. cosh mx with real quantities Aq, k, m satisfying some suitable conditions. This is the solitary wave solution found in ref. [22] , Van Saarloos and Hohenberg [26] called it a pulse solution. These solutions have been studied by a number of authors (see, e.g., [9] , [4], [18] , [26] and the references therein). In Sec. 2 we point out that exact bursting solutions to (1.1) of the form (1.4) also exist with P(x) = -"- (1) (2) (3) (4) (5) (6) cos mx but with different constants Ao,k,m.
In Sec. 3 we show that our results extend earlier work on heteroclinic solutions to the Ginzburg-Landau equation [6] , [16] . In particular, using our Theorem 2 we show that the solution to the nonlinear system (3.9), found by Kapitula and Maier-Paape [16] , is (3.8). Section 4 is concerned with bifurcations involving heteroclinic orbits. The bifurcation to chaos is described, as seen through numerical experiments. We present some elementary consequences of the occurrence of a heteroclinic bifurcation, especially in terms of the cascades of bifurcations that accompany them. A preliminary account of these results has already been reported [5] . To complete the proof we need to verify the conditions The proof is carried out in the same way as for Theorem 1. This is the pulse condition found in ref. [16] using Hocking-Stewartson's method [14] . Notice that our system (2.23)-(2.26) is similar to the system (5.3) of ref. [14] . Notice also that, using the notation of ref. [16] ,
it is easy to show that, in the phase space (p, u, <j>), the pulse solution
of Theorem 2 is a heteroclinic orbit connecting the two equilibria (0,u+,cf>+) and (0,U-,(/>-) with The fixed points in (4.2) are found by setting the right-hand sides of (4.2) to zero. In the phase space (r, v, w) the heteroclinic orbit (3.7) connects the two fixed points (0, v±,w±), corresponding to (0,u±,ej>±) in ref. [16] or L± in ref.
[26], defined by v± = ±m+, w± = ±k+m+.
(w± i w±) are solutions of the system w2 -v2 + pi cos 9] = 0, -2vw + pi sin 9i = 0.
If 01 > 02 and 0 < 0i,02 < 7t/2, then the system (4.2) has two other fixed points, corresponding to N± in ref.
[26],
Pi sin 0i /pi sin(0x -02) ro ~ : 7pi ^o = 0, wQ = ±\ -.
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These fixed points correspond to the plane wave solutions of (2.35) :
A(x) = pel F wis)ds = el{woX+c), c = const.
Thus the number of fixed points is < 4, as expected [18] , [26] . Their stability is obtained by studying the sign of the real part of the eigenvalues of J (see, e.g., [26] and [16] ). The rest of this section is devoted to the study of the dynamics near the heteroclinic solution. . For 01 = 0*, 92 = 02, r = r* = Aq, the heteroclinic orbit is indeed found. In Fig. 1(a) we trace the heteroclinic orbit in the (p, p') plane with p(x) = |j4(x)|. We observe that there exists a hyperbolic saddle at (0,0) with a homoclinic orbit C; points on C approach (0,0) for both x -► +oo and x -> -oo; lim p(x) = lim p'(x) = 0.
x->±oo x-^±oo If we start orbits close to the heteroclinic orbit, we find an infinite number of unstable orbits. We will use the Poincare section technique to reduce the recorded trajectory points to a two-dimensional plane. Figures 3-6 show the Poincare sections at v = p' = 0, v' < 0. A number of integrations of (4.2), with (0i,02) « were performed, for various initial values used to generate a variety of trajectories.
The solutions were completely different from those obtained with (0i,02) = (0i,02)-The sections v = 0 (v' < 0) are covered with the intersections of (somewhat deformed) tori which signal quasiperiodic motions (or KAM surfaces). Notice that the six elliptical curves of torus six times before closing. As we move outwards in Fig. 3 we obtain an island chain (labeled by IC) of eight elliptic points and eight hyperbolic points. The smeared parts of the Poincare section near the hyperbolic points indicate that this orbit is chaotic. Features resembling island chains are also apparent in Fig. 4 and Fig. 6 . The interesting point is that in Fig. 5 an invariant torus (labeled by T) has dissolved and we obtain in Fig. 6 an island chain of five elliptic points and five hyperbolic points.
Note the complexity of the island structures and the clearly chaotic orbits.
Conclusion.
In this brief note we have given a relatively simple proof that the Ginzburg-Landau equation possesses a class of spatially heteroclinic solutions and a class of spatially periodic bursting solutions. Using the Poincare section technique, we detected the occurrence of island chains following the heteroclinic bifurcation. These island chains are just the structure expected from the Poincare-BirkhofF theorem [2] and have been seen in many mathematical models [13] , [1] ,
